A conjecture of Frobenius and the simple groups of Lie type, III  by Iiyori, Nobuo & Yamaki, Hiroyoshi
JOURNAL OF ALGEBRA 145, 329-332 (1992) 
A Conjecture of Frobenius and the Simple Groups 
of Lie Type, III 
NOBUO IIYORI AND HIROYOSHI YAMAKI 
Instirute qf Mathematics, Uniwrsiiy of Tsukuha, Ibaraki 305, Japan 
Communicated by Walter Feit 
Received May 2, 1990 
DEDICATED TO PROFESSOR TOSIRO TSUZUKU ON HIS 60TH BIRTHDAY 
1. INTRODUCTION 
This is a continuation of our previous papers [6]. Let G be a finite 
group and let e be a positive integer dividing (G(. Let L,(G) = 
{x~GIx~=l}. F ro enius conjectured that L,(G) forms a subgroup of b 
G provided IL,(G)1 = e. The conjecture has been reduced to the classitica- 
tion of finite simple groups by Zemlin [7]. 
The purpose of this paper is to prove the following. 
THEOREM. The conjecture of Frobenius is true for the simple Chevalley 
groups E,(q). 
2. THE PROOF OF THE THEOREM 
LEMMA 2.1 (Murai [4], Zemlin [7]). Let ‘G be a finite group and 
e = IL,(G)I. Assume that e divides ICI. If p is a prime divisor of e and IGl/e, 
then Sylow p-subgroups of G are cyclic, generalized quaternion, dihedral, or 
quasi-dihedral. 
LEMMA 2.2 (Rust [S]). Let G be a finite simple group and let S be a 
nilpotent Hall x-subgroup of G. Suppose that S is disjoint from its conjugate 
and C,(x) is contained in SC,(S) for all x in S#. If e is minimal such that 
e= IL,(G)1 divides IGI and e> 1, then ISI divides either e or IGl/e. 
LEMMA 2.3. Let G be a finite group and let L be a Hall abelian 
subgroup such that C,(x) is contained in Co(L) for all x in L#. Put 
E= {gECo(L)I(o(g), ILI)#l}. Then we have: 
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(i) C,(y) is contained in C,(L) for all ye E. 
(ii) N,(E) is contained in N,(L). 
(iii) E is disjoint from its conjugates. 
Proof: It follows from the Schur-Zassenhaus theorem that there exists 
a subgroup H of C,(L) such that C,(L) = HL with H n L = 1. The result 
follows immediately since C,(L) = (E). 
In the following argument we assume that G = E,(q) and choose e in 
Lemma 2.2. It follows that 
(GI =q63(q- l)‘(q+ l)‘(q’+ 1)*(q2+q+ 1)3(q2-q+ 1)3 
(q4+ l)(q4-q2+ l)(q4+q3+q2+q+ l)(q4-q3+q*-q+ 1) 
(q6-q3+l)(q6+q3+l)(q6+q5+q4+q3+q2+q+ 1) 
(q6-q5+q4-q3+q*-q+ 1)(2, q- 1))‘. 
LEMMA 2.4. e is a Hall divisor of JGJ. 
Proof Let p be a prime divisor of e and IGl/e. Then p is an odd prime 
by Lemma 2.1. Let P be a Sylow p-subgroup of G. Then P is cyclic by 
Lemma 2.1 and P is disjoint from its conjugate by the structure of E,(q) 
(Blau [ 11). For any x in P’ C,(x) is p-closed and then C,(x) is contained 
in PC,(P). Lemma 2.2 yields a contradiction. 
LEMMA 2.5 (Carter [2], Deriziotis [3]). The group G contains abelian 
subgroups of orders 
(q6-q3+ 1N3, q+ l)r’, 
(q6+q3+W,q-w, 
(q4+ 1)(2, q- I)-*, 
q4 - q2 + 1, 
(q4+q3+q2+q+ 1)(5, q+ 1)-l, 
(q4-q3+q2-q+1)(5,q-l)Y, 
(q6+q5+q4+q3+q2+q+l)(7,q+W, 
(q6-qS+q4-q3+q2-q+1)(7,q-l)F, 
which satisfy the conditions of Lemma 2.2. 
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LEMMA 2.6 (Carter [2]). Let H (resp. K) be an abelian subgroup of 
order (q6-q3+1)(3,q+1)-’ (resp. (q6+q3+1)(3,q-1)-I). Then 
(N,(H):&(H)) = (N,(K):&(K)) = 18, 
IC,(h)l=(q”-q3+1)(q+1) for heH#, 
IC,(k)l=(q6+q3+1)(q-1) for ~EK#. 
Since H and K in Lemma 2.5 satisfy the assumption of Lemma 2.2 we 
have four possibilities. Let h E H# and k E K#. 
Case 1. e ~0 (modlH\ IKI). The set L,(G) contains all conjugates of H 
and K. It follows from Lemma 2.6 that 
IGI q6-q3 1 1’4 q6+q3 
IC,ol183+IC,ol18’ 
PutE,={gEC,(H)/(o(g), lHl)fl}andE,=(g~C,(K)l(o(g), IKl)fl}. 
Then lEHl = IC,(H)I - (C,(H):H) and lEKl = IC,(K)( - (C,(K):K). 
Suppose (q + 1, ICI/e) = (q - 1, ICI/e) = 1. It follows from Lemma 2.3 
that 
IGI IEHI IGI lE,l IGI 
“‘IC,ol18+IC,ol18’10~ 
Then Lemma 2.4 yields e = I G I. 
Suppose (q+ 1, lGl/e)# 1 and (q- 1, ICI/e)= 1. It follows that 
IGI q6-q3 1 IGI lE,I IGI 
e’lC,o1183+lC,o13i7-~~ 
Since (q + 1)’ divides ICI, Lemma 2.4 yields e = ICI. 
Suppose (q- 1, IGl/e)# 1 and (q+ 1, ICI/e)= 1. In a manner similar to 
the above we have e = I Cl. 
Suppose (q- 1, ICI/e) =rc and (q+ 1, ICI/e) =p and rt # 1 fp. Let n 
(resp. m) be a positive integer dividing IC,(H)I (resp. 1 C,(K)1 ). Then by a 
theorem of Frobenius 
IL(G(H))I 2 n and IUCG(K))l 2 m. 
Since 3 divides only one of q + 1 and q - 1, we have 
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e’Min 
ICI Ed 1 -- 
IC,(h)l 18 37~ 
ICI lE,l 1 ICI IEHl 1 
+Ic,olIs~‘lc,ol-iG 
IGI IEKI 1 
+Ic,(k)l18% 
IGI 
>= 15 Max{n, p}’ 
Let @= Max{z, p> and 0= Min(z, p}. Then 15@> ICI/e. It follows that 
19q > (pz)‘= (W)’ and ICI/e < 15( 19q)“‘/8. 
Put a,=19q and a,=15(a,~,)‘~‘/6’ for i=l,2, 3,.... Then IGl/e<ai and 
(Gl/e~(15/8)7’6<11 since log a,=(7/6) log 15/e+ {log 19q-(7/6) log 
15/8}7-‘. Now we have IGJ =e. 
Case 2. e = 0 (modlH[) and (e, IHI) = 1. It follows that e > lGl/19(q + 1). 
[G//e = 0 (mod(KI) yields a contradiction. 
Case3. e=O (modlKKJ)und(e, IHI)= 1. It follows that e> IGl/19(q- 1). 
[G//e = 0 (modJHJ) yields a contradiction. 
Cuse4. (e, JHJ IKl)= 1. e is a factor of lGl/lHl IKyI and the number of 
&potent elements of G is (IGJ,)2=q126 ( see Carter [2]). It follows that 
e = 1 by [2]. This is impossible because of the choice of e. 
The proof of our theorem is complete. 
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